Analytical expressions for the stress growth coefficients in simple shear and extensional flows are developed for dilute suspensions of spheroidal particles. The orientation tensors used in the constitutive equation for suspensions are approximated as proposed by Currie [J. Non-Newt. Fluid Mech. 11, 53-68 (1982)]. The resulting rheological properties are found to be dependent on the components of a new, modified Finger strain tensor defined in terms of the velocity gradient tensor and particle aspect ratio (length to diameter ratio of the particle, a,,). The approximate analytical results are presented as a function of total shear and elongation for different aspect ratios, covering the entire range from slender fibers (ap -m) to thin disks (ap + 0). In addition, exact integral expressions for the rheological properties are obtained from the orientation distribution function. The rheological properties evaluated from the approximate analytical expressions are found to be in excellent agreement with the corresponding results determined from the exact integral expressions.
I. INTRODUCTION
The flow of a viscous medium containing spheroidal particles has evoked considerable interest throughout the last century. In many industrial applications, such flows are nonisothermal, have a low Reynolds number, and exhibit non-Newtonian characteristics. The ability to model the behavior of a suspension requires accurate rheological characterization, which is dependent on the microstructure as well as other parameters, such as particle aspect ratio and volume fraction 4".
In the past few decades, several theoretical investigations on the rheological properties of particle suspensions have been reported. Batchelor (1970 Batchelor ( , 1971 ) extended Jeffery's work (1922) on the motion of a single ellipsoidal particle in a viscous medium to develop a general constitutive equation for a suspension of rigid particles in a Newtonian fluid. Later, following Batchelor's results, Dinh and Armstrong (1984) proposed a constitutive model for semiconcentrated suspensions of rigid fibers. Based on this constitutive equation, Dinh and Armstrong derived exact integral expressions for the transient stress growth coefficients in simple shear and extensional flows, and computed the rheological properties by numerically integrating these exact expressions. More recently, Malamataris and Papanastasiou (1991) utilized the Dinh-Armstrong constitutive equation, and approximated the fourth-order orientation tensor by an expression developed by Currie (1982) , which relates the orientation tensor to the flow kinematics through the components of the Finger strain tensor. With the help of Currie's approximation, Malamataris and Papanastasiou (1991) logical predictions obtained from the approximate analytical expressions show excellent agreement with the corresponding predictions obtained by numerically evaluating the exact integrals developed by Dinh and Armstrong. It should be noted that although the Dinh-Armstrong equation is proposed for semiconcentrated fiber suspensions (i.e., l/a; < r$, 6 Ilap), the final form of the constitutive equation is similar to those models developed for a dilute suspension (i.e., 4, s 1 /c$) of fibers with infinite aspect ratio [see for example, Batchelor (1970) ; Evans (1975) ; Lipscomb et al. (1988) ]. In fact, the constitutive equation for dilute suspensions provides a more general description, and the Dinh-Armstrong equation can be recovered as a simplified case if the material coefficients are defined as suggested by Dinh and Armstrong (1984) . Therefore, the validity of the results obtained from dilute suspension of spheroidal particles may be easily extended to nondilute systems. From this viewpoint, we choose to focus on a constitutive equation for dilute suspensions of spheroidal particles, which can also be applied to suspensions whose particle concentration extends into the semiconcentrated region. In the present work, the orientation tensors are approximated as a function of the components of a new, modified Finger strain tensor which accounts for the effect of finite aspect ratio particles, and simplifies to the definition of the Finger strain tensor only for dilute suspension of slender fibers or for semiconcentrated suspensions. Therefore, the results presented by Malamataris and Papanastasiou (1991) , which is valid for semiconcentrated suspensions, can be recovered from this study. In our case, once the particle rotation tensor is determined, analytical solutions for the rheological properties of particle suspensions can be derived for arbitrary homogeneous flows with the help of the aforementioned approximation. Such an approximation eliminates the use of complicated integrals which can only be evaluated numerically. In this paper, nondimensional analytical expressions are obtained for:
(1) shear stress growth coefficient 77: , first normal stress growth coefficient 9: , and second normal stress growth coefficient, 9: , in simple shear flow; (2) tensile stress growth coefficient, 77; , in uniaxial extensional flow; and (3) biaxial stress growth coefficient 7~; in biaxial extensional flow.
In addition, exact integral expressions for the dimensionless stress growth coefficients are obtained in terms of the orientation tensors for simple shear, uniaxial, and biaxial extensional flows. These expressions are numerically integrated to yield exact rheological predictions which are compared with the approximate analytical expressions. The results are presented as a function of total shear and elongation for different aspect ratios covering the entire range from slender fibers to thin disks.
II. THEORY
A. A constitutive model for dilute suspensions Following Batchelor (1970) and Evans (1975) Lipscomb et al. (1988) have presented a constimtive equation for a dilute suspension of rigid spheroids in a Newtonian fluid, and expressed the bulk shear stress in the suspension as where 7,~ is the viscosity of the suspending fluid, "ii the velocity gradient tensor, Sij and Sijkl the second-and fourth-order tensors that account for the orientation distribution of particles, and A,B,C the material constants that depend on the particle geometry. In Eq. (I), i,j = 1,2,3, and summation is implied over repeated indices.
The material constants A, B, and C are dependent only on the aspect ratio of the particle as
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Here, 0 is also a function of ap of the spheroids and is defined as 
In Eq. (l), the orientation tensors Sij and Sijkl are the second-and fourth-order moments of the orientation distribution function t+bff?,&t), and are defined as (5) where pi is the unit vector representing the orientation of a single spheroidal particle, and is taken to coincide with the axis of revolution of the ellipsoid. In the case of a threedimensional representation of the particle orientation, the orientation vector components p 1, ~2, and p3 are related to the orientation angles 6J and 4 as (6) The orientation distribution function a&&) in Eq. (5) provides a complete and accurate description of the orientation state and is defined as the probability of having a fiber at a certain orientation p at any time t. However, as Eq. (1) indicates, the orientation tensors contain the necessary information for the rheological characterization of suspensions. Therefore, several researchers [see for example, Advani and Tucker (1987) ; Lipscomb et al. (1988) ; Altan et al. (1992) ] h ave successfully employed orientation ten-sors in their work. Due to the symmetry of these orientation tensors, the order of the indices in Eq. (5) can be interchanged freely. Another important feature of the orientation tensors is that the higher-order tensors provide complete information about the lowerorder ones. For example, the second-order orientation tensor can be expressed in terms of the fourth-order components as Sij = Sijkk f To evaluate the orientation tensors accurately, the explicit solution for the distribution function in an arbitrary three-dimensional homogeneous flow can be used as [Dinh and Armstrong (1984)] where A, is the inverse of the particle rotation tensor Eij . The particle rotation tensor is defined as [Lipscomb et al. (1988)] where Aij and Rii are the strain rate and vorticity tensors, Aij=$+;j, aij=;[;-2j.
The parameter h in Eq. (9) is a function of particle aspect ratio and is given by lZ-1 A=--lz;+1.
For infinite aspect ratio fibers (i.e., h = l), Eij simplifies to the strain tensor and is given as where xi and ~7 are the fluid particle coordinates at times t and to, respectively. In the case of arbitrary two-dimensional homogeneous flows and planar orientations, analytical solutions for the second-and fourth-order orientation tensors can be obtained [Altan and Tang (1993) ]. For three-dimensional homogeneous flows and orientations, the integrand in I$. (5) becomes more complex, and therefore, these integrals have to be evaluated numerically. Numerical integration of such complex integrals can be computationally very expensive and an improper choice of the various parameters involved in the integration could lead to considerable errors in the solution. Hence, this work focuses on the development of approximate analytical solutions for the rheological properties in simple homogeneous flows. With such approximations, the complex integration of orientation tensors can be avoided with little or no loss in accuracy.
B. Currie's approximation to the fourth-order orientation tensor According to Currie (19X2) , the deformation dependent behavior of concentrated polymer solutions, as predicted by the Doi-Edwards (1978) and Curtiss-Bird (1981) constitutive equations, can be characterized by a single potential function U. This potential function is found to be dependent on the Finger strain tensor components defined as the product of the strain tensor given by Eq. (12) and its transpose. The same fact is realized for the constitutive model utilized in this work, by defining a new, modified Finger strain tensor as B = E.ET. Here, E's are the components of the particle rotation tensor defined earlier in Eq. (9), and ET implies its transpose. As specified by Eq. (9), the modified Finger strain tensor takes into account the effect of particle geometry, thus extending the earlier work of Malamataris and Papanastasiou (1991) to dilute suspensions of finite aspect ratio spheroids. Similar to the conventional Finger strain tensor, its modified form also satisfies the incompressibility criterion given by detBij= 1.
It should be emphasized that for infinite aspect ratio particles, Eij is simply the strain tensor [Eq. (12)], and consequently, for this case, Bij reduces to the actual Finger strain tensor of the flow. Thus, following the approach adopted by Currie, and defining bij = BG t , it can be shown that an exact expression for the potential function U can be obtained as a function of the elliptic integral of the third kind, II, and the first invariants of Bij and bij. AS usual, the first invariants of Bij and bij (i.e., ZB and Zb, respectively) are given by 1, = tr(Bij), I, = tr(bij). (14) However, such elliptic integrals are quite complicated and often difficult to evaluate. Therefore, a simple approximation for U of the form U=5ln l IB-t2&XG 1 7 :I (15) has been proposed and shown to work reasonably well [Currie (1982) ]. In addition, it has been shown that the fourth-order tensor used in the Curtiss-Bird constitutive equation can be expressed in terms of the potential function U. Thus constitutive equations having similar forms to the Curtiss-Bird formulation [e.g., Dinh and Armstrong (1984) ; Lipscomb et al. (1988) ] can also be expressed as a function of U. A careful comparison of the fourth-order tensor in the Curtiss-Bird constitutive equation (expressed in terms of II) with that of the constitutive model used in the present work [i.e., Eq. (l)] shows that Sijkl in Eq. (1) can be written as (16) where Here, Aij is a tensorial Lagrange multiplier corresponding to the incompressibility condition given by Eq. (13) [Currie (1982) ], and Sij is the Kronecker delta. Similar to U, V is also a function of the invariants of the modified Finger strain tensor and is given by 
The partial derivatives appearing in Eqs. (16)- (18) Therefore, for any given homogeneous flow of particle suspensions, the components of the modified Finger strain tensor can be determined once the particle rotation tensor Eij is found from Eq. (9). Then, the components of Bij can be utilized to avoid the complicated integrals of Eq. (5) by approximating the orientation tensors with the relation given in Eq. (16). Consequently, the bulk stress in the suspension can be evaluated and explicit analytical expressions for the rheological properties can be developed independent of the particle volume fraction and viscosity of the suspending fluid in arbitrary homogeneous flows. On the other hand, for complex flows with spatially nonuniform velocity, gradients, the components of Eij cannot be analytically determined. Therefore, the Eij's have to be numerically calculated from the local velocity gradients at each nodal point in the discretized flow domain. As in the case of homogeneous flows, once the components of the particle rotation tensor are numerically determined, Eq. (16) may be utilized to calculate the bulk stress tensor and subsequently, the flow kinematics throughout the flow domain. In the following sections, approximate analytical expressions for the rheological properties are derived for three simple flow cases, namely, simple shear, uniaxial, and biaxial extensional flows. where + is the shear rate. For such flows, three rheological properties, namely, the shear stress growth coefficient T+ (commonly referred to as the transient shear viscosity), first normal stress growth coefficient Y':, and second normal stress growth coefficient ?'2+, are of great importance. These rheological parameters are defined as II+=y, qr+ g11-'T22 , 9,+= a22-a33
III. RHEOLOGICAL PROPERTIES IN SIMPLE FLOWS
From Eqs. (21) and (l), the dimensionless shear stress growth coefficient v*, first normal stress growth coefficient q f , and second normal stress growth coefficient 9: for dilute, non-Brownian, spheroidal particle suspensions can be expressed as (22) 9; = *:;/ -= ~lI12-~12227 Ah% w;+ qf; = -2B A4" 7s = (s1222-s1233)+~ s12.
(23)
These dimensionless rheological properties, expressed independent of the particle volume fraction and viscosity of the suspending fluid, are seen to be dependent on the orientation tensor components and particle aspect ratio. In addition, since the value of A given by Eq. (2) becomes very large as the aspect ratio tends to infinity, me dimensionless rheological properties are scaled by the material constant A.
In order to develop analytical expressions for the dimensionless rheological properties defined above, it is necessary to determine the particle rotation tensor Eij . For the case of simple shear flow, Eij can be found from Eq. (9) Integral expressions similar to Eq. (31) have been developed for the rheological properties of semiconcentrated fiber suspensions [Dinh and Armstrong (1984) ; Altan et al. (1989) ]. These exact integrals are evaluated numerically using the IMSL subroutine DTWODQ as a function of total shear y and thus, the results obtained serve as a suitable measure for comparison with the approximate analytical expressions presented earlier.
All the subsequent double integrals for uniaxial and biaxial extensional flows are computed using the above-mentioned IMSL subroutine. ior observed in the rheological predictions for finite aspect ratio fibers (ap = 5, 20) is due to the combined effect of vorticity and shear that produces a continuous rotation of fibers and causes them to periodically conform different orientation states, ranging from random orientation to higher alignment in the flow direction. This periodic rotation of the fibers causes the orientation distribution function to undergo undamped oscillations which in turn affects the rheological properties, since these properties are obtained as orientation averages [Okagawa et al. (1973a) ]. In a subsequent paper, Okagawa et al. (1973b) experimentally confirmed the oscillatory behavior of rheological properties in shear flow of particle (fiber and disk) suspensions, and showed that the properties undergo damped oscillations which eventually die out with time. They have attributed this largely to the variation in particle shape and the effect of particle interactions in shear flow. On the other hand, infinite aspect ratio fibers (a, + m) are more stable and do not rotate periodically in shear flow. Therefore, no oscillations are observed in the curves obtained for r~*, ZI'T , and Y'z in simple shear flow for ap + 00. In addition, for the infinite aspect ratio case, the curves in Figs. l(a)-l(c) coincide with the corresponding curves obtained in the work of Malamataris and Papanastasiou (1991) . As mentioned before, their results are obtained from the Dinh-Armstrong constitutive equation and are applicable to semiconcentrated fiber suspensions. As seen in Fig. 1 (a) , for slender fibers, the dimensionless shear stress growth coefficient v* approaches zero as t -+ ~0; that is, the viscosity of the suspension, v+, approaches the viscosity of the suspending medium, vs, at steady state.
Further, disks with aspect ratios i, $, and 0 are chosen to study the variation of the stress growth coefficients with total shear. As in the case of fibers, the rheological properties obtained from the analytical expressions are found to be in excellent agreement with the results obtained from the exact integrals (i.e., average relative error < 0.1% and maximum absolute error < 4X 10e3). As expected, the characteristic oscillatory behav-ior of the rheological properties caused due to the periodic rotation of disks (oblate spheroids) is observed. On the other hand, a thin disk (aP ---f 0) attains a stable orientation in shear flow and hence, the rheological properties are not characterized by periodic oscillations. In simple shear flow, the period of rotation T of a spheroidal particle has been predicted by Jeffery (1922) to be T = 2" (ap+apl).
i,
From Eq. (32) it can be seen that the period of oscillation for fibers with up = I is the same as that for disks with up = l/r. Hence, the curves of T*, 'I': , and 'I'; for disks are observed to be similar to the corresponding curves shown for fibers, and therefore are not included in this paper.
Since all the dimensionless rheological properties in Figs. l(a)-l(c) are scaled by the material constant A, a correct comparison of the stress growth coefficients for fibers and disks can be performed by considering the variation of 7*A, *:A, and WZA with 'ySuch a comparison of the corresponding curves of v*A for fibers and disks shows that, at the same volume fraction, the viscosity of a fiber suspension with a,, 2 5 is generally higher than a suspension of disks with ap 5 f. For up 5 5, fiber suspensions have a lower viscosity than a suspension of disks with ap 2 i. A similar comparison for *:A shows that, for all aspect ratios, the dimensionless first normal stress growth coefficient of a fiber suspension is higher than that for a suspension of disks. Furthermore, as in the case of viscosity, for values of ap -> 5, the dimensionless second normal stress growth coefficient is found to be generally higher for a fiber suspension than that for a suspension of disks with up 5 ;, and when ap 5 5, WtA for fibers is lower than that for a suspension of disks with ap 2 4.
For the simple shear flow, the initial value of the dimensionless shear stress growth coefficient r$ is calculated from Eq. (27) as (33) Clearly, the starting value for the dimensionless shear stress growth coefficient is dependent on the particle aspect ratio, and therefore, the viscosity curves in Fig. l(a) have different starting values. In addition, for any given fiber volume fraction in the dilute region, both the start-up ($A) and maximum shear viscosity increase with particle aspect ratio while the minimum viscosity decreases with an increase in a It should be noted that in the limit of up + 1, that is, for a suspension of spheres, v*A f s equal to 2.5. Thus, Einstein's (1926) well-known equation for the viscosity of a dilute suspension of spheres in shear flow is recovered from the approximate expressions for the transient shear viscosity given by Eq. (27). Furthermore, the start-up values of both normal stress growth coefficients are found to be zero, and for a given fiber volume fraction, the maximum values of *:A and ?;A are observed to increase with aspect ratio.
Uniaxial extensional flow
Uniaxial extensional flows commonly occur in many industrial processing operations such as fiber spinning and film forming. In these flows, the velocity gradient tensor is given by 
As in the case of simple shear flow, the extensional viscosity is also expressed independently of 4" and 77~. The particle rotation tensor Eij for uniaxial extensional flows becomes where E = it is the total elongation. Thus, the dimensionless tensile stress growth coefficient in uniaxial extensional flows reduces to
R,, = (l-2e 3AE+,6XE)(P+2Q+4Q2,XE+2Q3,2XE),
and P, Q are defined by Eq. (28). Similar to Eq. (29), the terms REP, R,F~, and REJ in the above equation are used for convenience in representing the orientation tensors of Eq. (37). In this case, the first invariants ZB and Ib of Bij and bij are given by I B = p~+&-xE ) I, = e-2AC+2t?A:
The distribution function in uniaxial extensional flow is obtained to be (41) $((e,q!~,~) = & (ee2" sin' 0 cos2@-eAE sin2 8 sin2 &t-P cos2 6)-3'2, Figure 2 depicts the variation of the dimensionless tensile stress growth coefficient 7: as a function of total elongation in uniaxial flows for fibers with up = 5, 10, 20, and 00. In addition, the variation of 7~; with E is investigated for disks with up = i, $, $, and 0. For both fibers and disks, however, the tensile stress growth coefficient obtained from the approximate analytical expression [Eq. (39) ] is found to be in excellent agreement with the exact integral [Eq. (43)]. The average relative error, calculated up to E = 6, is found to be less than 0.25%, with the maximum absolute error being less than 1 X 10e2. No oscillations are observed in the rheological properties since the elongational nature of the flow causes all the particles to remain stable and aligned in the flow direction. A comparison of the corresponding curves of v:A for fibers and disks shows that, when up 2 5, the tensile stress growth coefficient is higher for a fiber suspension than that for a suspension of disks with ap d 3. For values of ap 2 4, however, the suspension of disks have a higher tensile stress growth coefficient than that of a fiber suspension with up d 5. In addition, as in the case of shear flow, the viscosity curve in Fig. 2 for slender fibers is found to coincide with the corresponding curve obtained from the Dinh- Mewis and Metzner (1974) and with Batchelor's theory (1971) . SC: semiconcentrated region, C: concentrated region. 
(43)
The viscosity curves for both fibers and disks increase asymptotically with total elongation up to a certain steady value, which can be calculated from Eq. (39) as
From the above equation it is clear that the steady-state extensional viscosity is also dependent on the particle aspect ratio. For the infinite aspect ratio fibers, since the value of A, as predicted by Eq. (2), is very large compared to B and C, Eq. (45) reduces to lim 77; = 1 (46) E'm (see Fig. 2 ), which is identical to me steady-state value obtained using the DinhArmstrong model [Dinh and Armstrong (1984) ; Malamataris and Papanastasiou (1991) ]. In addition, for spheres (ap + l), the extensional viscosity (TEA) is equal to 7.506, which is approximately three times the corresponding shear viscosity (v*A). For a given fiber volume fraction in the dilute region, the start-up ( vgOA) and maximum (steadystate) uniaxial extensional viscosity are found to increase with fiber aspect ratio and are approximately an order of magnitude larger than the corresponding shear viscosities. Mewis and Metzner (1974) conducted extensional flow experiments on fiber suspensions with a low volume concentration (0.1%-l%) and expressed their results by defining a steady extensional viscosity 5, as (47) The experimental results are then compared with theoretical predictions of Batchelor (1971) where 5, is given by Table I summarizes their results and in addition includes the theoretical predictions obtained from Eqs. (39)-(41). As seen from Table I , the theoretical predictions obtained from the analytical expressions in the present work are in fairly good agreement with both the experimental values and Batchelor's (1971) theory, in particular for the cases near the semidilute concentration limit (i.e., 4Uup = 1). Moreover, the approximate analytical expression provided by Malamataris and Papanastasiou (1991) for the steady extensional viscosity simplifies to Eq. (48) and therefore yields identical predictions with Batchelor's theory.
C. Biaxial extensional flow
In biaxial extensional flows, the velocity gradient tensor can be written as (1) to obtain an expression for vB * in terms of the orientation tensor components, one finds that 7: is also given by Eq. (37).
In biaxial extensional flows, Eij is calculated to be
and the resulting approximate expression for dimensionless biaxial stress growth coefficient is obtained as
where 
and similar to uniaxial extensional flows, the exact integral expression for the dimensionless biaxial stress growth coefficient is found to be given by Eq. (43). However, to evaluate the exact integrals in biaxial extensional flows, Eq. (54) is utilized for the orientation distribution function. Figure 3 depicts the variation of the dimensionless biaxial stress growth coefficient 7; as a function of total elongation in biaxial Rows for fibers. The values of the particle aspect ratios considered in the case of shear and uniaxial extensional flows are retained for biaxial extensional flows. The start-up values for biaxial stress growth coefficient vi0 is given by Eq. (44) which is obtained for uniaxial flows. As in the previous two simple cases of homogeneous flows, the results obtained from the approximate expressions are found to be in excellent agreement with the exact integral results. The average relative error, calculated up to l = 6, is found to be less than 0.6%, with the maximum absolute error being less than 1 X 10e2. In the case of biaxial extensional flows, however, the viscosity curves first drop to a minimum and then increase gradually until a steadystate value is obtained. This steady value of the biaxial stress growth coefficient is evaluated from Eq. (51) as 1 3 (B+2C) lim 77; =4+2~.
(55) 6+m
For slender fibers, the above equation reduces to which is identical to the steady biaxial extensional viscosity obtained in the works of Dinh and Armstrong (1984) and Malamataris and Papanastasiou (1991) . A comparison of the corresponding stress growth coefficient curves between uniaxial and biaxial exten-sional flows for both fibers and disks shows that the stress growth coefficient is, in general, higher for uniaxial flows.
IV. CONCLUSIONS
In this paper, a continuum constitutive equation developed for dilute suspensions of spheroidal particles is employed to derive approximate analytical expressions for the rheological properties in simple shear and extensional flows. These rheological properties are shown to depend on the components of a modified Finger strain tensor which incorporates the effect of particle geometry into the flow kinematics. The developed expressions are found to be very accurate for the entire range of spheroids (i.e., from slender fibers to thin disks). Although the results are presented for simple cases of homogeneous flows, the proposed approximations may also be utilized to compute the suspension microstructure, the bulk stress tensor, and the flow kinematics efficiently in complex twoor three-dimensional flows.
